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Abstract — This paper studies networks where all nodes are 
distributed on a unit square A = [— |, |] 2 following a Poisson 
distribution with known density p and a pair of nodes separated 
by an Euclidean distance x are directly connected with proba- 
bility g rp {x) = g(x/r p ), independent of the event that any other 
pair of nodes are directly connected. Here g : [0, oo) — > [0, 1] 
satisfies the conditions of rotational invariance, non-increasing 
monotonicity, integral boundedness and g (x) — o(l/(x 2 log 2 x)); 
further, r p = i/(logp + b)/(Cp) where C = § R2 g(\\x\\)dx and 
b is a constant. Denote the above network by Q [X p , g rp ,A). We 
show that as p — s- oo, a) the distribution of the number of isolated 
nodes in Q [X p , g rp , A) converges to a Poisson distribution with 
mean e~ b ; b) asymptotically almost surely (a.a.s.) there is no 
component in Q [X p , g rp , A) of fixed and finite order k > 1; c) 
a.a.s. the number of components with an unbounded order is 
one. Therefore as p —>■ oo, the network a.a.s. contains a unique 
unbounded component and isolated nodes only; a sufficient and 
necessary condition for Q (X pi g r , A) to be a.a.s. connected is 
that there is no isolated node in the network, which occurs when 
b — ► oo as p — > oo. These results expand recent results obtained 
for connectivity of random geometric graphs from the unit disk 
model and the fewer results from the log-normal model to the 
more generic and more practical random connection model. 

Index Terms — Connectivity, random geometric graph, random 
connection model 

I. Introduction 

Connectivity is one of the most fundamental properties of 
wireless multi-hop networks 0-[|4]. A network is said to be 
connected if there is a path between any pair of nodes. 

Extensive research has been done on connectivity problems 
using the well-known random geometric graph and the unit 
disk connection model, which is usually obtained by randomly 
and uniformly distributing n vertices in a given area and 
connecting any two vertices iff (if and only if) their Euclidean 
distance is smaller than or equal to a given threshold r(n) 
0, 0- Significant outcomes have been obtained 0, 0, ED- 
Particularly, Penrose |]7], El an d Gupta and Kumar [2] proved 
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using different techniques that if the ttansmission range is set 
to r (n) = y/ (log n + c (n))/ (im), a random network formed 
by uniformly placing n nodes on a unit-area disk in !ft 2 is 
asymptotically almost surely (a.a.s.) connected as n — > oo 
iff c(n) — > oo. [An event £ is said to occur almost surely 
if its probability equals to one; an event depending on 
n is said to occur a.a.s. if its probability tends to one as 
n — > oo]. Specifically, Penrose's result is based on the fact 
that in the above random network as n —> oo the longest edge 
of the minimum spanning tree converges in probability to the 
minimum transmission range required for the above network to 
have no isolated nodes 0, Q, 0. Gupta and Kumar's result 
is based on a key finding in continuum percolation theory J5] 
Chapter 6]: consider an infinite network with nodes disttibuted 
on 5ft 2 following a Poisson distribution with density p; and 
suppose that a pair of nodes separated by an Euclidean distance 
x are directly connected with probability g (x), independent 
of the event that another distinct pair of nodes are directly 
connected. Here, g : 5ft + — > [0,1] satisfies the conditions of 
rotational invariance, non-increasing monotonicity and integral 
boundedness |9 pp. 151-152]. Denote the above network by 
Q (A" p , g, 5ft 2 ). As p — > oo, a.a.s. Q (X p ,g,dt 2 ^ has only a 
unique infinite component and isolated nodes. The work of 
Gupta and Kumar is however incomplete to the extent that 
the above result obtained in continuum percolation theory for 
an infinite network cannot, counter to intuition, be directly 
applied to a finite (or asymptotically infinite) network on a 
finite (or asymptotically infinite) area in 5ft 2 iflOl . 

In addition to the above work based on the unit disk connec- 
tion model, there is also limited work ifTTI . lfT21 dealing with 
the necessary condition for a random network to be connected 
under the log-normal shadowing connection model. Under 
the log-normal shadowing connection model, two nodes are 
directly connected if the received power at one node from the 
other node, whose attenuation follows the log-normal model, 
is greater than a given threshold. The results in JTTj , ifTZI 
however rely on the assumption that the node isolation events 
are independent. This assumption has only been justified using 
simulations. 

Some work also exists on the analysis of the asymptotic 
distribution of the number of isolated nodes [3], H3l- lfT5l 
under the assumption of a unit disk model. In [13|, Yi et al. 
considered a total of n nodes distributed independently and 
uniformly on a unit-area disk and each node may be active 
independently with some probability p. A node is considered 
to be isolated if it is not directly connected to any of the 
active nodes. Using some complicated geometric analysis, 
they showed that if all nodes have a maximum transmission 
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range r(n) = yj (log n + £) / (irpn) for some constant £, the 
total number of isolated nodes is asymptotically Poissonly 
distributed with mean e~^. In IT4ll . fl5l . Franceschetti et 
al. derived essentially the same result using the Chen-Stein 
technique. A similar result can also be found in the earlier 
work of Penrose O in a continuum percolation setting. 

In this paper, we consider a network where all nodes are 
distributed on a unit square A = [—■%, i] 2 following a Poisson 
distribution with known density p and a pair of nodes are 
directly connected following a generic random connection 
model g r , to be rigorously defined in Section [II] Denote the 
above network by Q \X p ,g r , A), where X p denotes the set 
of nodes in the network. We give the sufficient and necessary 
condition for Q (X p ,g r . A) to be a.a.s. connected as p — > oo. 
The results in this paper expand the above results on network 
connectivity to a more generic random connection model, with 
the unit disk model and the log-normal model being two 
special cases, thus providing an important link that allows the 
expansion of other associated results on connectivity to the 
random connection model. 

The main contributions of this paper are: 

1) Using the Chen-Stein technique lfl6l . ifTTl . we show 
that the distribution of the number of isolated nodes 
in (X p , g rp , A) asymptotically converges to a Poisson 
distribution as p — > oo. This result readily leads to 
a necessary condition for G (X p ,g r ,A) to be a.a.s. 
connected as p — > oo; 

2) We show that as p — >• oo, the number of compo- 
nents in Q {X pi g rp , A) of unbounded order converges 
to one. This result, together with the result in ifiOl 
that the number of components of finite order k > 1 
in Q(X pi g r ,A J asymptotically vanishes as p — > oo, 
allows us to conclude that as p — > oo, a.a.s. there are 
only a unique unbounded component and isolated nodes 
in Q (X p ,g rp ,A). 

3) The above results allow us to establish that the suffi- 
cient and necessary condition for Q (X p ,g r , A) to be 
a.a.s. connected is that there is no isolated node in the 
network. On that basis, we obtain the asymptotic proba- 
bility that Q {X p , g r , A) forms a connected network as 
p — s- oo and the sufficient and necessary condition for 
Q [Xp,g r , A) to be a.a.s. connected. 

The rest of this paper is organized as follows: Section [II] 
introduces the network model and problem setting; Section [ITT1 
establishes a necessary condition for Q {X pi g Tp , A) to be a.a.s. 
connected; Section [IV] first establishes a sufficient condition 
for Q (X p , g rp , A) to be a.a.s. connected and on that basis, 
together with the results in Section [HI] then establishes the 
sufficient and necessary condition for G(X p ,g rp ,A) to be 
a.a.s. connected; finally Section [VI concludes the paper. 

II. Network Model and Problem Setting 

We consider a network where all nodes are distributed on a 
unit square A = [— i |] 2 following a Poisson distribution with 
known density p and a pair of nodes are directly connected 
following a random connection model, viz. a pair of nodes 
separated by an Euclidean distance x are directly connected 



with probability g r (x) = g(x/r p ), where g : [0, oo) — > [0, 1], 
independent of the event that another pair of nodes are directly 
connected. Here 

r p = v/(logp + 6)/(Cp) (1) 

and b is a constant. The reason for choosing this particular 
form of r p is that the analysis becomes nontrivial when b is a 
constant. Other forms of r p can be accommodated by dropping 
the assumption that b is constant, i.e. b becomes a function of 
p, and allowing 6 — ^ oo or 6 — > — oo as p — !► oo. The results are 
rapidly attainable, and we discuss these situations separately 
in Sections 1X111 and ITV1 

The function g is usually required to satisfy the following 
properties of monotonicity, integral boundedness and rota- 
tional invariance (9), lfl"5l Chapter 60 

g (x) < g (y) whenever x > y (2) 

< C ± g(\\x\\)dx < oc (3) 

where |||| represents the Euclidean norm. We refer readers to 
13, lfl5l Chapter 6] for detailed discussions on the random 
connection model. 

Equations (f2]i and (0 allow us to conclude that [10, Equa- 
tion (3)0 

g(x) = o x (l/x 2 ) (4) 

However, we require g to satisfy the more restrictive re- 
quirement that 

g(x) =o x (l/(x 2 log 2 x)) (5) 

The condition (O is only slightly more restrictive than (|4) 
in that for an arbitrarily small positive constant e, l/x 2+e = 
o x (l/(x 2 log 2 x)). The more restrictive requirement is needed 
to ensure that the impact of the truncation effect on connec- 
tivity is asymptotically vanishingly small as p — > oo |10|. 

For convenience we also assume that g has infinite support 
when necessary. Our results however apply to the situation 
when g has bounded support, which forms a special case and 
actually makes the analysis easier. 

Denote the above network by Q (X p , g r , A). It is obvious 
that under a unit disk model where g(x) — 1 for x < 1 and 
g(x) — for x > 1, r p corresponds to the critical transmission 
range for connectivity ||2]- Thus the above model incorporates 
the unit disk model as a special case. A similar conclusion 
can also be drawn for the log-normal connection model. 

'Throughout this paper, we use the non-bold symbol, e.g. x, to denote a 
scalar and the bold symbol, e.g. x, to denote a vector. 

2 The following notations and definitions are used throughout the paper: 

. /(z) = o z {h(z)) ifflim^^ ^ = 0; 
. f{z) = w z (h(z)) mh(z) = o z (f(z)); 

• / (z) = Z (h (z)) iff there exist a sufficiently large zo and two positive 
constants c\ and ci such that for any z > zo, c\h(z) > / (z) > 
C2h (z); 

. / (z) ~ z h (z) iff lim,^ M = 1; 
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III. Necessary Condition for a.a.s. Connected 
Network 

In this section, as an intermediate step to obtaining the 
main result, we first and temporarily consider a network 
with the same node distribution and connection model as 
Q (X p ,g rp , A) however with nodes deployed on a unit torus 
A T = [— i, i] 2 . Denote the network on the torus by 
G T (X p , g rp , A) . We show that as p — > oo, the distribu- 
tion of the number of isolated nodes in Q T (X p ,g rp ,A), 
denoted by W T , asymptotically converges to a Poisson dis- 
tribution with mean e~ b . We then extend the above result to 
Q (X p , g Tp , A) . On that basis, we obtain a necessary condition 
for Q (X p , g rp , A) to be a.a.s. connected as p — > oo. 

A. Distribution of the number of isolated nodes on a torus 

In this subsection, we analyze the distribution of the number 
of isolated nodes in Q T {X p , g rfl , A). 

The use of a toroidal rather than planar region as a tool 
in analyzing network properties is well known [3|. The unit 
torus A T = [— i,i] 2 that is commonly used in random 
geometric graph theory is essentially the same as a unit square 
A = [— ^,^] 2 except that the distance between two points 
on a torus is defined by their toroidal distance, instead of 
Euclidean distance. Thus a pair of nodes in Q T [X p ,g rp ,A\, 
located at a;! and x 2 respectively, are directly connected with 
probability g r {\\x\ — a^2|| T ) where ||a;i — ^2|| T denotes the 
toroidal distance between the two nodes. For a unit torus 
A T = [— i, i] 2 , the toroidal distance is given by (3] p. 13]: 

ll^i — X 2\\ T = mm{||a;i + z — x 2 \\ : z e Z 2 } (6) 

In this section, whenever the difference between a torus 
and a square affects the parameter being discussed, we use 
superscript T to mark the parameter in a torus while the 
unmarked parameter is associated with a square. 

We note the following relation between toroidal distance and 
Euclidean distance on a square area centered at the origin: 

||aJi — asall <\\xi-x 2 \\ and ||cc|| = ||x|| (7) 

which will be used in the later analysis. 

The main result of this subsection is given in Theorem Q] 

Theorem 1. The distribution of the number of isolated nodes 
in G T (X p ,g rp ,A^ converges to a Poisson distribution with 
mean e~ b as p — > oo. 

Proof: See Appendix I. ■ 

B. Distribution of the number of isolated nodes on a square 

We now consider the asymptotic distribution of the number 
of isolated nodes in Q {X p , g Tp , A) . 

Let W be the number of isolated nodes in Q (X p ,g r , A) 
and W E be the number of isolated nodes in Q \X p , g rp , A) 
due to the boundary effect. Using the coupling technique, it 
can be readily shown that W = W E + W T HO). Using the 



above equation, Theorem Q] Lemma 2 in QoQ, which showed 
that limp^oo Pr(W E = 0) = 1, and Slutsky's theorem Ifl8l , 
the following result on the asymptotic distribution of W can 
be readily obtained. 

Theorem 2. The distribution of the number of isolated nodes 
in Q(X pi g 7 . p ,A) converges to a Poisson distribution with 
mean e~ b as p — > oo. 

Corollary [3] follows immediately from Theorem |2] 

Corollary 3. As p — > oo, the probability that there is no 
isolated node in Q (X p , g Tp , ^4) converges to e~ e . 

Now we relax requirement that b is a constant to obtain 
a necessary condition for G(X p ,g r , A) to be a.a.s. con- 
nected. Specifically, consider the situation when b —> — oo 
or b — > oo as p — > oo. Note that the property that the 
network Q (X p , g Tp) A) has no isolated node is an increasing 
property (For an arbitrary network, a particular property is 
termed increasing if the property is preserved when more 
connections (edges) are added into the network.). Using a 
coupling technique similar to that used in [ 15, Chapter 2] and 
with a few simple steps (omitted), the following theorem and 
corollary can be obtained, which form a major contribution of 
this paper: 

Theorem 4. In Q (X p ,g Tp ,A), if b -> oo as p — > oo, a.a.s. 
there is no isolated node in the network; if b — > — oo as p — > 
oo, a.a.s. the network has at least one isolated node. 

Corollary 5. b — > oo is a necessary condition for 
Q [X p . g Tp , A) to be a.a.s. connected as p — > oo. 

IV. Sufficient Condition for a.a.s. Connected 
Network 

In this section, we continue to investigate the sufficient 
condition for Q (X p ,g r , A) to be a.a.s. connected. In iflOl 
we showed that vanishing of components of finite order k > 1 
in Q {X p , g, 5i 2 ) as p —> oo (as shown in ||9] Theorems 6.3]) 
does not necessarily carry the conclusion that components of 
finite order k > 1 in Q (X p , g rp , A) also vanish as p — > oo, 
contrary perhaps to intuition. Then, we presented a result 
for the vanishing of components of finite order k > 1 in 
G [X p) g r ,A) as p — > oo to fill this theoretical gap IflOl 
Theorem 4]. On the basis of the above results, we shall 
further demonstrate in this section that a.a.s. the number of 
unbounded components in Q (X p ,g Tp , A) is one as p — >• oo. A 
sufficient condition for Q (X p ,g r , A) to be a.a.s. connected 
readily follows. 

In Theorem 6.3], it was shown that there can be at 
most one unbounded component in Q (A" p ,g,5ft 2 ). However 

3 Let Q (^X\,g, A be a network with nodes Poissonly distributed on 
a square A_l_ = [— -^r— , t^—] 2 with density A = (logp + fe)/C and a pair 

r p ZV P Zr P 

of nodes separated by an Euclidean distance x are directly connected with 
probability g(x), independent of other connections. Results in 1 10 ] are derived 

for Q (x\,g, A : V By proper scaling, it is straightforward to extend the 

results for Q f X\ ,q,A i j to Q (X p> g Tp , j4,). Therefore we ignore the 
difference. 
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due to the truncation effect IflOl , it appears difficult to establish 
such a conclusion using [9, Theorem 6.3]. Indeed differently 
from Q {X pi g, 5i 2 ) in which an unbounded component may 
exist for a finite p, it can be easily shown that for any finite 
p, Pr (\X p \ < oo) = 1, i.e. the total number of nodes in 
Q [X p ,g r ,A) is almost surely finite. It then follows that for 
any finite p almost surely there is no unbounded component 
in Q (X p ,g rp ,A) . 

In this paper, we solve the above conceptual difficulty 
involving use of the term "unbounded component" by con- 
sidering the number of components in G (X p , g rp , A) of 
order greater than M, denoted by £>m> where M is 
an arbitrarily large positive integer. We then show that 
KiU2Vf->oo linip-j.00 Pr(£>M = 1) = 1. The analytical result is 
summarized in the following theorem, which forms a further 
major contribution of this paper: 

Theorem 6. As p — > oo, a.a.s. the number of unbounded 
components in G (Xp,g rp ,A\ is one. 

Proof: See Appendix II ■ 

Remark 7. Proof of the type of results in Theorem [6] usually 
requires some complicated geometric analysis. Particularly the 
proof of Lemma [15] in Appendix II, which forms a foundation 
of the proof of Theorem [6] needs sophisticated geometric 
analysis. In this paper, we omitted the proof of Lemma Q3] 
because the proof is exactly the same as the proof of Theorem 
[21 which in turn relies on some results established in [10|. We 
refer interested readers to the proof of Theorem 1 in lHOl 
for techniques on handling geometric obstacles involved in 
analyzing the boundary effect and to the proof of Theorem 4 in 
1 10 1 for techniques on handling geometric obstacles involved 
in analyzing the number of components in G (X p ,g r ,Aj. 

An implication of Theorem [6] is that for an arbitrarily small 
positive constant e, there exists large positive constants Mq 
and po such that for all M > Mo and p > po, Pr(£>j\/ = 1) > 
1 — e. From (l6"TT l in Appendix II, it can further be concluded 
that for a particular positive integer M and an arbitrarily small 
positive constant e, there exists po such that for all p > po, 

p -(M+l)b 

Pr(e>M = D>l- WTT y [ -e (8) 

The following corollary can be obtained from llTOl Theorem 
4] and Theorem [6] 

Corollary 8. As p — > oo, a.a.s. G(X pi g rp ,A) forms a 
connected network iff there is no isolated node in it. 

Proof: Let £ be the total number of components in 
G ( X f»9r p ,A). It is clear that £ = £ x + Y^kLztk + £>M, 
where is the number of components of order k. Noting that 
£ = 1 iff G (X p , g rp ,A) forms a connected network, it suffices 
to show that lim^oo Pr (£ = l|£i = 0) = 1. We observe that 

Pr(£ = 1,6=0) 

M 

>Pr(£i = 0,^& = 0,£>M = l) 

fe=2 



M 

= Pr(6 = 0) - (Pt(J2 & = 0) + Pr(£>M = 1)) (9) 

fc=2 

where in £>a/ = 1 represents the complement of the event 
£>m = 1 and (O results as a consequence of the union bound. 
Further note that ((9) is valid for any value of M and that 
Pr (£i = 0) converges to a non-zero constant e~ e as p — > oo 
(Theorem^. Using the above results, [10, Theorem 4] which 
showed that lim^oo Pr(X)fc=2 6fe = 0) = 1, and ([8]), and 
following a few simple steps (omitted), it can be shown that 
for an arbitrarily small positive constant e, by choosing M to 
be sufficiently large, there exists p suc h that for all p > p , 
Pr(£ = =0) > 1-e. ■ 
As an easy consequence of Theorem [2] and Corollary [8] the 
following theorem can be established: 

Theorem 9. As p — > oo, the probability that G (X p ,g r , A) 
forms a connected network converges to e~ e . 

Using the above theorem and a similar analysis as that 
leading to Theorem [4] and Corollary [5] the following theorem 
on the sufficient and necessary condition for G (X p , g rp , A) to 
be a.a.s. connected can be obtained: 

Theorem 10. As p — > oo, G (Xp,g ri> ,A) is a.a.s. connected 
iff b ~* °°>' G {X pi g Tp , A) is a.a.s. disconnected iff b — > — oo. 

V. Conclusion and Further Work 

Following the seminal work of Penrose 0, and Gupta 
and Kumar O on the asymptotic connectivity of large-scale 
random networks with Poisson node distribution and under 
the unit disk model, there is general expectation that there is 
a range of connection functions for which the above results 
1 2 1, [3, obtained assuming the unit disk model can carry 
over. However, for quite a long time, both the asymptotic 
laws that the network should follow and the conditions on 
the connection function required for the network to be a.a.s. 
connected under a more generic setting have been unknown. 
In this paper, we filled in the gaps by providing the sufficient 
and necessary condition for a network with nodes Poissonly 
distributed on a unit square and following a generic random 
connection model to be a.a.s. connected as p — > oo. The 
conditions on the connection function required in order for 
the above network to be a.a.s. connected were also provided. 
Therefore, the results in the paper constitute a significant 
advance of the earlier work by Penrose 0, |]5] and Gupta 
and Kumar from the unit disk model to the more generic 
random connection model and bring models addressed by 
theoretical research closer to reality. 

However, there remain significant challenges ahead. The 
results in this paper rely on three main assumptions: a) the 
connection function g is isotropic, b) the random events under- 
pinning generation of a connection are independent, c) nodes 
are Poissonly distributed. We conjecture that assumption a) is 
not a critical assumption, i.e. under some mild conditions, e.g. 
nodes are independently and randomly oriented, assumption 
a) can be removed while our results are still valid. It is 
part of our future work plan to validate the conjecture. Our 
results however critically rely on assumption b), which is 
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not necessarily valid in some real networks due to channel 
correlation and interference, where the latter effect makes the 
connection between a pair of nodes dependent on the locations 
and activities of other nearby nodes. In |[T9l we have done 
some preliminary work on network connectivity considering 
the impact of interference. The work essentially uses a de- 
coupling approach to solve the challenges of connection 
correlation caused by interference and suggests that when 
some realistic constraints are considered, i.e. carrier-sensing, 
the connectivity results will be very close to those obtained 
under a unit disk model. This conclusion is in contrast with 
that 1 20 1 obtained under an ALOHA multiple-access protocol. 
A more thorough investigation is yet to be done. The major 
obstacle in dealing with the impact of channel correlation 
is that there is no widely accepted model in the wireless 
communication community capturing the impact of channel 
correlation on connections. Finally, it is a logical move after 
our work to consider connectivity of networks with nodes 
following a generic distribution other than Poisson. It is part 
of our future work plan to tackle the problem. 

Appendix I: Proof of Theorem[T] 

Our proof relies on the use of the Chen-Stein bound [16], 
11171 . We first establish some preliminary results that allow us 
to use the Chen-Stein bound for the analysis of number of 
isolated nodes in Q T i y X p ,g rp , A). 

Divide the unit torus into m 2 non-overlapping squares each 
with size Denote the square by Ai m . Define two sets 
of indicator random variables Jf and If with i m E T m = 
{1, . . . m 2 }, where Jf — 1 iff there exists exactly one node in 
Ai m , otherwise jf — 0; if — 1 iff there is exactly one node 
in Ai m and that node is isolated, if = otherwise. Obviously 
jf m is independent of Jj m ,j m G T m \ {i m }. Denote the center 
of Aj m by Xi m and without loss of generality we assume 
that when jj = 1, the associated node in Ai m is at a;, m Q- 
Observe that for any fixed m, the values of Pr [if = l) and 
Pr (jf = l) do not depend on the particular index i m on a 
torus. However both the set of indices T m and a particular 
index i m depend on m. As m changes, the square associated 
with if and Jf also changes. 

Remark 1 1. In this paper, we are only interested in the limiting 
values of various parameters associated with a sub-square as 
ui — y oo. Also because of the consideration of a torus, the 
value of a particular index i m does not affect the discussion 
of the associated parameters, i.e. these parameters if and 
jf do not depend on i m . Therefore in the following, we 
omit some straightforward discussions on the convergence of 
various parameters, e.g. i m , Xi m , if and jf , as m — > oo. 

Without causing ambiguity, we drop the explicit dependence 
on in in our notations for convenience. As an easy conse- 
quence of the Poisson node distribution, Pr(jf = 1) ~ TO 
p/m 2 . Using |9] Proposition 1.3], Pr(lf = 1) = Pr(lf = 
l\Jf = l)Pr(Jf = 1) and the property of a torus (see also 

4 In this paper we are mainly concerned with the case that m — > oo, i.e. 
the size of the square is vanishingly small. Therefore the actual position of 
the node in the square is not important. 



IfTUl Lemma 1]), it can be shown that 

Pr(7f = l) ~ 
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p e -j*p**=f)d» (10) 

m 2 



Now consider the event if ij = 1, i ^ j, conditioned on the 
event that jf J J = 1, meaning that both nodes having been 
placed inside Ai and A, respectively are isolated. Following 
the same steps leading to (fTOl . it can be shown that 

lim Pr(lflf = l\jfjf = 1) 



=(1 - 9( 



+5( J 



-))dx] (11) 



-))exp[- / p(g( 

J A 



where the term (1 — g( " x '~ x J" )) is due to the requirement 
that the two nodes located inside A.- L and Aj cannot be directly 
connected given that they are both isolated nodes. Observe also 
that Pr(lflf = 1) = Pr(Jf jj = 1) Pr(/Jjj = 1| JfjJ = 
1). Now using the above equation, ( TTOb and (fTTT i. it can be 
established that 

Pr(/f IJ = 1) 



Pr(iT = l)p r (/J = l) 



,(1-5( J 



-))e 



IaP9( [ 



M 1 



)'lx 



(12) 



Now we are ready to use the Chen-Stein bound to prove 
Theorem Q] Particularly, we will show using the Chen-Stein 
bound that 



W 1 



m— >oo * — ' 



(13) 



asymptotically converges to a Poisson distribution with mean 
e~ b as p — > oo. 

The following theorem gives a formal statement of the 
Chen-Stein bound: 

Theorem 12. [17, Theorem LA ] For a set of indicator random 
variables Ii, i 6 T, define W = X^ier Pi = ^ (Ii) and 
i] = E (W). For any choice of the index set T s ^ C T, T s ^ PI 
{i} = {Qce}, 

d TV (C(W),Po( V )) 

< 5> 2 +P^(E /i))]min(l ,h 



E 



ier.,, 

ElEiliKljJ G r w ,i)} - Pi \ min(l, -) 



where C (W) denotes the distribution ofW, Po (rj) denotes a 
Poisson distribution with mean rj, T w ^ — V\ {T s ,i U {i}} and 
dxv denotes the total variation distance. The total variation 
distance between two probability distributions a and j3 on Z + 
is given by d TV (a, P) = sup {\a {A) — {3 (A)\ : A C Z+}. 
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For convenience, we separate the bound in Theorem [T2l into 
three terms b\ min(l, -), b 2 min(l, -) and 63 min(l, -) where 

»er 3'er a ,i 
63 ^E^I^I^'J e r -,i)}-fil ( 16 > 

The set of indices T Sy i is often chosen to contain all those 
j, other than i, for which Ij is "strongly" dependent on Ii and 
the set T Wt i often contains all other indices apart from i for 
which Ij is at most "weakly" dependent on Ii |16|. 

Remark 13. A main challenge in using the Chen-Stein bound 
to prove Theorem [TJ is that under the random connection 
model, the two events Zj and Ij may be correlated even when 
Xi and Xj are separated by a very large Euclidean distance. 
Therefore the dependence structure is global, which signifi- 
cantly increases the complexity of the analysis. In comparison, 
in applications where the dependence structure is local, by 
a suitable choice of r s i the 63 term can be easily made to 
be and the evaluation of the b\ and b 2 terms involves the 
computation of the first two moments of W only, which can 
often be achieved relatively easily. An example is a random 
geometric network under the unit disk model. If T g i is chosen 
to be a neighborhood of i containing indices of all nodes 
whose distance to node i is less than or equal to twice the 
transmission range, the 63 term is easily shown to be 0. It can 
then be readily shown that the bi and b 2 terms approach as 
the neighborhood size of a node becomes vanishingly small 
compared to the overall network size as p — > 00 [ 14 1. However 
this is certainly not the case for the random connection model. 
Remark 14. The key idea involved using the Chen-Stein bound 
to prove Theorem [TJ is constructing a neighborhood of a 
node, i.e. T Sy i in Theorem [12] such that a) the size of the 
neighborhood becomes vanishingly small compared with A as 
p — » 00. This is required for the 61 and b 2 terms to approach 
as p — > 00; b) a.a.s. the neighborhood contains all nodes that 
may have a direct connection with the node. This is required 
for the &3 term to approach as p —> 00. Such a neighborhood 
is defined in the next paragraph. 

Let D T (xi,r) = {x e A : \\x — Xi\\ T < r} and when Xi 
is not within r of the border of A, D T (xj,r) becomes the 
same as D(xi,r) where D(xi,r) = {x e A : \\x — X{\\ < 
r}. Further define the neighborhood of an index i g T as 
T Sil = {j : Xj G D T (a; l ,2ri- £ )}\{i} and define the 
non-neighborhood of the index i as T Wt i = {j : Xj 
D T (x i ,2r 1 p - e )} where e is a small positive constant and 
e £ (0, 4). It can be shown that 

|r S)i | = mHnr 2 - 2 ' + o m (m 2 A^r 2 - 2 ') (17) 

Note that in Theorem Q2] p l = E{lf) and E{lf) has been 
given in ( TTOb . Further, as an easy consequence of (fL3l and ifTUl 
Lemma 1] which showed that 



lim EiyV 1 

p— >oo 



lim pe JA r " = e 



Using ([TOll, Pi = E{lf) and (UJJ, it follows that 



lim m pi — pe 
lim lim m 2 pi = e~' 

p— >oo m—too 



-W 1 



-)dx 



(19) 
(20) 



Next we shall evaluate the b\, b 2 and 63 terms in the 
following three subsections separately and show that all three 
terms converge to as p —> 00. 

A. An Evaluation of the b\ Term 

It can be shown that (following the equation, detailed 
explanations are given) 



lim lim E(ft 2 +P^( E !J)) 



p—too m— foo 1 



ier j'er Sj! 
lim lim m 2 piE( if) 

p— foo m— foo — * ■* 



- lim lim (m 2 pi) 2 Airr 2 2e 

p— foo m— ¥00 " 

- lim 47r( j oe 

p— >oo 

=4ne-» lim J^E±±y-* = Q 



(21) 



IaPsO- 



) (fa)2( logp+j )1 - e (22) 



,, , - (23) 

where (fTvT > is used in obtaining (|2TT >; ([JJ and (T% are used in 
obtaining ( 1221 ; and ( [T8l ) and < [2Qb are used in obtaining ([23). 
Therefore linip-^oo lim m _ > , 00 fei = 0. 

B. An Evaluation of the b 2 Term 

For the b 2 term, assume that p is sufficiently large such 
that » 2r" e and let A_l = haT",^;] 2 . Usin 8 © 
in the first step; and first using some translation and scaling 
operations and then using (0 in the last step, equation d24l 
can be obtained. 

Letting A = log ( g +b for convenience, noting that (using (T7]i 
and ®) 

lim / g(||a;|| T )cix = lim / g(\\x — y\\ T )dx = C 

and that 1 — g(||y|| T )<l, it can further be shown following 
that as p — s- 00, 

lim lim E^ E J J) 

»er jer 3 ,j 

A /■ \f Aj ^g(\\a>\\ T )g(\\x-y\\ T )dx 

<e~ £0 lim — / e r p dy 

p^oo p J D{Q 2r -^ 

(25) 



-2b 



p—too 



(18) 



In the following paragraphs, we will show that the right 
hand side of $25[ converges to as p — > 00. Using (O and 
(O, we assert that there exists a positive constant r such 
that g (r~) (1 — g (r + )) > where g (r~) = limj,^,,- 5 (x) 
and g{r + ) = lim 2 ._ > . J .+ 5 (a;). Indeed if g is a continuous 
function, any positive constant r with g (r) > satisfies 
the requirement; if g is a discontinuous function, e.g. a unit 
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!t E^ E 'J) 



lim V {(1 - g( 



)exp[- / 



X Xi 



/J T (xi,2ri- e ) 



{(l- 5 (^-i))exp[- / p(g( 



X Xi 



) + g( 



g( 



g( 



x-y 



9( 



)<?( 



)g( 



x-y 



2 2 



D(0,2r-') 



{(1 - g(\\yf)) cxp[-pr 2 p / (^Cll^ir ) + - vf ) - s(IHf Mil* - yf))dx}}dy 



))])}dx 



))rfa;]}dy 



(24) 



disk model, by choosing r to be the transmission range, 
g(r-)(l-g(r+)) = l. 

In the following discussion we assume that p is sufficiently 



large such that 



>> 2r E >> 7-. It can be shown using 



©, © and C3 that for y e D(0, 2r" e ), 



g(\\ x \\ T )g(\\ x -y\\ T )dx 



< / sGMIMII^ -yllMx 

/SR 2 



» 2 



fl (||x||)(l- fl (||x-y||))da5 



= C- 



<C-/ g(\\x\\)(l-g(\\x-y\\))dx 

J D(0,r)\D(y,r) 

<C~g (r~) (r+))|P>(0, r)\D(», r)| (26) 

Let /(x) = 7rr 2 - 2r 2 arcsin^l - x 2 /(4r 2 )) + 
r.r y/l -a; 2 /(4r 2 ). Using some simple geometric analysis, it 
can be shown that 

* when \\y\\ > 2r, \D(0,r)\D(y,r)\ = nr 2 ; and 
. when || y || < 2r, |£>(0,r)\I»(tf,r)| = /(||y||). 
Further, using the definition of / (x), it can be shown that 
. when ||y|| < r, \D(0,r)\D(y,r)\ > V3r\\y\\; and 
. when || y || > r, \D(0,r)\D(y,r)\ > (f + %r 2 . 
For convenience, let c\ = g(r~)(l — g{r + ))^/ir and 
g (r~) (l-<? (r+)) (f + ^) r 2 . Noting that 5 (r") (1- 



f'2 



g ( r )) > 0' c i anc l c 2 positive constants, independent of 
both y and p. 

As a result of d26l i and the above inequalities on 
\D(0,r)\D(y,r)\, it follows that 

lim — / e r p dy 

p^oo p J D( p t2r -') 

■ lim - /* e A(c - Cl||y|l) dy 



- lim — 



,A(C-c 2 ) 



(27) 



p^oo p J D (o,2rp e )\D(0,r) 

For the first summand in the above equation, it can be shown 



that: 



lim — 

p^oo p J D(0 r) 



A(C- C1 ||y|| 



] dy 



= Km l -2i£±A f r 2,ye^ c -^dy = (28) 

p->oo Cp J Q 

For the second summand in (|27| |, by choosing e < || and 
using (Q~|), it follows that 



lim — 

p-!-oo p J D ( 2r - ')\D(0,r) 



= lim^-^x^±^x,(4r p ---r 2 ) = (29) 

p->oo G pc" 

Combining (|27|, d2Hl> and (O, it follows that 

\ /■ x f A 1 g(\\n\\ T )g{\\x-y\\ T )dx 

Km - / e ^ dy = (30) 

p^oo p 7 D(0:2r - = ) 

As a result of d25T l and the above equation: 

limp^oo Km m _j.oo b 2 = 0. 

C. An Evaluation of the 63 Term 

We first obtain an analytical expression of the term 
E{Ii\(Ij,j e ^w,i)} in &3- Using the same procedure that 
results in (fT2l . it can be obtained that (for convenience we 
use gi for g( H a! ~ 3! 'll ) and use for g( ^ 3!; ' ) in the 
following equation): 



lim 

m— ► 00 



= lim 

m— f 00 



= 1,/J = 1,/J = 0) 
Pr(7f = l)Pr(iT = 1,1^ = 0) 
Pr(Jf = MJ = 1) -PKg = 1, = Mg = 1) 
Pr(7f = l)(Pr(/J = 1) - Pr(If = l,7j = 1)) 

1 - ^(1 - ffifc)(l - gfcj -)e--/'AP(fl*-g.g fc -fl*9i+g.gjg*)^ 
1 _ .£^(1 _ 5fej ) e - S A P(9k-gkgj)dx, 

(31) 

Using (fJJ, (O, (01) and (|7), it can be shown that when j £ 
T Wt i (or equivalently \\xi — x j\^ > 2r^ £ ), the integrals of 
some higher order terms inside the exponential function in 
( T3TI ) satisfy: 



pg( 



D T (a 



X Xi 



-)g0 



-)dx 



pg( [ 



-)g{- 



-)dx 



s 



-)g(- 



-)dx 



+ / pg{ 

<2Cpr 2 p g(r^) ~ p o p (1) 

II — ll T 

Note also that g lk = g( " i r h » ) = o p (1) for k £ T Wii . 
Using the above equations and (Tl2T >. it can be further shown 
following OTb that when j, k £ T w j. 

lim lim 



Pr{lJ = 1, If = 1,/J = 0) 



p—>oc m— too 



Pr{lf = l)Pr(IJ = 1,1^ = 0) 



■ lim lim — Tf, r 77 Tf, r 

p— ¥oo m— >oo Pryl* — \)PryI = 1) 



(32) 



Equation ( l32l shows that the impact of those events, whose 
associated indicator random variables /J = 0, k £ IV;, on the 
event 7 4 T = 1 is asymptotically vanishingly small, hence can 
be ignored. Denote by I\ a random set of indices containing all 
indices j where j £ T Wy i and Ij = 1, i.e. the node in question 
is also isolated, and denote by ji an instance of I\. Define 
n = Following the same procedure that results in (l3Zt . it 
can be established that (with some verbose but straightforward 
discussions omitted) 



lim lim 

p— foo m— >oo 

= lim lim 

p— too m— too 



E{P7\(lfjeT Wti )} 



E{t[\{Pj = l,j£ li )} 



= lim E[e 

p— >oo 

x IK 1 " 

j&7i 



-J A pg(- 



-))dx 



-))] 



(33) 



Equation d33l gives an analytical expression of the term 
E{lf\{lJ , j G r^ j)}. To solve the challenges associated with 
handling the absolute value term in 63, viz. \E{lf\(lJ , j £ 
F w ,i)} — Pi\, we further obtain an upper and a lower bound 
of lT\(lJ,j £ T w ,i), which allows us to remove the absolute 
value sign in the further analysis of 63. 

Note that Xi and Xj,j £ T w ^ is separated by a distance 
not smaller than 2r p e . Using (|2), a lower bound on the value 
inside the expectation operator in (l33l is given by 



B L<i 4 (l-g(2r^)) n e- I - p9i - 



(34) 



An upper bound on the value inside the expectation operator 
in (|33l is given by 



f A P9(- 



-)n je7l (i-9( 1 



Bus = e 

Using pi = E(lJ) and ( fTOb , it can be shown that 



))dx 



Bu,i > lim > B L , 

m— >oo p 



(35) 



(36) 



Let us consider E\E{Ii\(Ij, j £ F w i )} — Pi\ now. From 
( |33k (|34l , ( |35l > and ([36}, it is clear that 

lim lim V^jfK^jer^-ftl 
£ [0,max{ lim lim m p% — pE(Bl i) : 

p— >oo m— >oo 



lim lim pE(Bu^) — m 2 pi}} 

p—too m— too 



(37) 



In the following we will show that both terms 

lim m ^ oc m 2 pi - pE(B LA ) and limm^oo pE(B Uti ) - m 2 pi 
in d37l > approach as p — > 00. First it can be shown following 
(l34l that 

lim pE(B L>i ) 



> lim pE[(l - ng(2r p e ))e IaP9{ ~ 



lim p(\-E{n)g(2r-/))e 



-J A pg( l 



)dx 



(38) 



where lim„ woo E (n) is the expected number of isolated 
nodes in A\D(xi,2r p ~ e ). In the first step of the above 
equation, the inequality (1 — x) n > 1 — nx for < x < 1 
and n > is used. When p —> 00, rj~ € — > and r7 e — > 00 
therefore limp^oo lim^oo E (n) = lim p ^.oo E (W f ) = e~ b 
is a bounded value and liirip^oo liirim^oo g (2r~ e ) — > 0, 
which is an immediate outcome of ©. Using ( 119) , it then 
follows that 

lim lim pE > lim lim (1 - E (n) g(2r" £ )) = 1 

p— j-oo m— >c» tTl Pi p— »oo m— ^00 " 

Together with < T20t and < l36l >, we conclude that 



lim lim m Pi — pE [Bl i) = 

p—>oc m— >oo ' 



(39) 



Now let us consider the second term lim^^oo pE (Bm) 
m 2 pi, it can be observed that 



lim E{B Uti ) 

m—¥oo 



-))da> n 



= lim 



m— foo 



, — (1— no(r e )) f i_ F oof- — — )dx^ 

< lim E(e P ;;j »(-i.rJ £ ) P9V "p ; ) (40) 

m— foo 

where in the second step, the non-increasing property of g, and 
the fact that Xj is located in A\D(xi, 2r p ~ e ) and x is located 
in D(x.i, Tp~ £ ), therefore ||a; — Xj\\ T > is used. It can be 
further demonstrated that the term Jq^. r 1 -') Pff( ^ a ~ !E '^ )da; 
in d40b have the following property: 

^,P) = / pg( l|a! ~^ l|T )fe 

J D(x z ,rl-') r P 

= pr 2 p / g(||a;-a; l /r p || T )(ia; 



< Cpr 2 =\ogp + b 



(41) 



For the other term ng(r~ e ) in d40l >. choosing a positive 
constant S < 2e and using Markov's inequality, it can be 
shown that Pr(n > r~ 6 ) ^ r s p E (n). Therefore 

lim lim Pr(ng(r~ e )f](e, p) > r~' 5 g(r~ e )?7(e, p)) 

p— >oo m—too ' r 
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< lim lim r p E (n) 



p— foo m— >oo 



where lim 



r -6 



and S < 2e, lim /3 _;.oo 



g(r- e )ri(e,p) = due to ©, (|4TT > 
for any positive con- 



stant B, and lim^oo limm^oo r*_E (n) = due to that 
linip^oo linim^oo E (n) = linip^oo E(W T ) 



- e is a 

bounded value and that linip^co r p — 0. Therefore 

lim lim Pr(ng(r~' i )ri(e, p) = 0) = 1 (42) 

p— >oo m— too ^ 

As a result of ©, gOj, @TJ and g^l: 

lim lim pE{Bu^) 

p— >oo m— yoo 

< lim lim pE(e~ Io ^-^ P9i * "> )dx ) 

p— >oo m— >oo 



= lim pe 

p— >oo 

= lim pe 

p— >oo 



-^(C-/^ e s(||*||)<ias) 



e lim e 

p— >-00 



(43) 



where the last step results because 



lim pr 2 

p->oo JsR 2 \D(0,r- e ) 

| r °° e 2nxg (x) dx 



g(\\x\\)dx 



■ lim 

p— ^oo 



: lim 

p— fOO 



logp+b 



— e / — £\ — 2 log p+fo— 1 

^r p e g{r p e )r p e — > 



Cp 2 



c 

p(log p+b) 2 



(44) 



7T£ 



1 



lim ^(logp + bfrf s o p ( - ) - (45) 

C p r p ze log z (rp^) 

where L'Hi^cepital's rule is used in reaching (l44t and in the 
third step (0 is used. Using d20l i. d36l l and (l43l . it can be 
shown that 



lim lim pE{Bui) — m 2 pi = 

p— >-oo m— ►oo ' 



(46) 



As a result of (l37l i. d39l and (|46T >. linip^oo lim m _ i . 00 63 = 0. 
A combination of the analysis in subsections A, B and C 
completes this proof. 

Appendix II: Proof of Theorem[6] 
For notational convenience, we prove the result for 
,g,Aj_j and the result is equally valid for 
Q (X p ,g rp ,A\. The proof is based on analyzing the 
number of components in Q (X\,g,Aj/^ of order greater 
than some integer M as p —> 00. Specifically we will show 
that limM->oo limp-^ Pr(£>M = 1) = 1. 

A direct analysis of Pr(£>M = 1) can be difficult. In 
this paper, we first analyze -E(£>m) and then use the result 
on _E(£>m) to establish the desired asymptotic result on 

Pr(C>M = i). 

Denote by gi (xi, . . . , x^) the probability that a set 
of k nodes at non-random positions X\, Xk G Aj_ 



forms a connected component where nodes are connected 
randomly and independently following the connection 
function g. Denote by g 2 (y; Xi, x 2 , . ■ . , x k ) the probability 
that a node at non-random position y is connected to 
at least one node in {x\, X2, ■ ■ ■ , x&}. As an easy 
consequence of ifTUl Lemma 4], which showed that the 
expected number of components of order k, denoted 
by £fc , in Q (x x ,g,Aj^j is given by E(£ k ) = 

~ X I A ! a2(y\x 1 ,...,x k )dy 

TT I(A^9i(xi,---,x k )e ~ d{x 1 ---x k ) 
it follows that 

= E TT / (gi(xi,...,x k ) 

r p 

~ X $A j 92(v;x 1 ,...,x k )dy 

e ~ )d(x 1 ---x k ) 

< E 



,. , e r » d(xi---x k ) 

fc =— +1 k] J ( A ±) k 

—^Sa 1 9l{y\x 1 ,....x k )dy 

e ~ j d(xf-Xk) 



Y — 



k=l 



~ x Ia 1 92(y\x 1 ,....x k )dy 

e d(cci • • • ccfe) (47) 



In the following we show that as p —> 00, the first term in 
(|47] > converges to e e , and the second term in (l47l i after the 
"— " sign is lower-bounded by ^ fe=1 fc! — ■ The conclusion 
then follows that £J(£>m) converge to 1 as p — > 00 and M — > 
00. 

Let us consider the first term in (l47t now. Let 

* = a/ [l-fl 2 (y;xi J ...x it )]d w (48) 

1 



for convenience. It can be shown that 

00 r ~ X Sa ! 92(y,x 1 ,...x k )dy 

lim N TT / e 

= limV"— e' p / e*d(xi,...Xfc) 



d(xi, ...xjt) 



00 \k 



lim N 



Y] —rd(x l , ...X k 



k=i J (Aj^) n=0 

- 1 -» \fe r 

f]± lim V^e-" / 



d(xi,...x fc ) (49) 



Next we shall show that in j49l , 

limp^ooEr=i^^/ ( ^ )fc $M^i,---^) = (e- 6 )"- 

Given this result, conclusion readily follows from (|49l that 
the first term in ( |47| i converges to e e . 

A direct computation of the term 

lmip-j.00 J2T=i T\ e ~ P I(A 1 ) k ® n d(xi, . . . x k ) turns out 
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to be very difficult. To resolve the difficulty, we construct 
a random integer X, depending on p, such that on the 
one hand, the pmf (probability mass function) of X has 
an analytical form that can be easily related to the term 
J2kLi TT e ~ P I(A i )* ® n d(xi, • ■ • x k)\ and on the other hand 

using the Chen-Stein bound we are familiar with, the pmf can 
be shown to converge to a Poisson distribution as p — > oo. 
In this way, we are able to compute the above term using 
the intermediate random integer X. In the following, we give 
details of the analysis. 

We first construct the random integer X described in the 
last paragraph and demonstrate its properties related to our 
analysis. 

Consider an additional independent Poisson point process 

X' x with nodes Poissonly distributed on A j_ and with density 

r p 

A, being added to Q yX x , g, AjSj . Further, nodes in X' x are 
connected with nodes in X\ following g independently, i.e. 
a node in X' x and a node in X\ separated by an Euclidean 
distance x are connected with probability g (x), independent 
of any other connection. 

Let X be the number of nodes in X x that are not directly 
connected to any node in X\. It is evident that, condi- 
tioned on X\ = (xi, . . .Xk) where x\,...Xk £ Aj_ and 
\X\\ > 0, a randomly chosen node in X' x at location y is 
not directly connected to any node in X\ with probability 
1 — g 2 (y;xi, . . . , x^ , which is determined by its location 
only. It readily follows that the conditional distribution of X, 
i.e. X\X\ = (xi, . . .Xk), is Poisson with mean A J A i [1 — 

<?2(y; Xi, . . . , Xk)]dy J9). As a result of the above discussion: 



Pr{X = m\X x = ( Xl ,...x k )) 



(50) 



Obviously when X x = 0, Pr(X = m\X x = 0) = 
Pr(|A^| = m). Therefore the unconditional distribution of 
X is given by: 



Pr (X = to) 



E 

k=l 



A* 
kl' 



-*d(x 1 ,...x k ) + ^-e- 2 <> 



(51) 



Note that as p — > oo, the term £-i-e 2p in dBTl) . which is 
associated with X x = 0, becomes vanishingly small. Further 
note that £m =0 Qe 



= V— e- p / $d(»i,...»fc) 

= ETT e ^ A / (/ [l-9(\\x-y\\)]dx} k dy} 



fc=0 

■ p ■ P 

r ~ x .!a ! a(\\x-y\\)dx 
-\ e dy 
J A i 



(53) 



Comparing the above equation with ifTUl Theorem 1], the 
conclusion readily follows that the above value is equal to 
the expected number of isolated nodes in Q (X\,g,Aj^j, 
denoted by W. It then follows from IfTUl Theorem 1], that 



limp^oo E (X) 



In fact a stronger result that the 



distributions of X and W converge to the same Poisson 
distribution as p —> oo can be established: 

Lemma 15. As p — > oo, the distribution of X converges to a 
Poisson distribution with mean e~ b , i.e. the total variation dis- 
tance between the distribution of X and a Poisson distribution 
with mean e~~ b reduces to as p — > oo. 

Lemma Q3] can be proved using exactly the same steps 
as those used in proving Theorem [2] Therefore the proof is 
omitted. 

As a result of Lemma[T5l for an arbitrary set of non-negative 
integers, denoted by T, 

( p — b\m _ b 

lim V Pr(X = m) = > - '— e" e (54) 

p-i-oo ^— ' ' to! 

mer mer 

Now we are ready to continue our analysis on 

lim^oo YZU lT e ~ P /(^)» *"d(a;i, • ■ • x k ). Using (ED 

first and then using (l54l , it can be shown that for any positive 
integer n: 

00 \fc 



lim Y,U e ~" $> n d{ Xl ,...x k ) 



00 \k 



= lim E TT e P / E ^n-e"*^!- • • 

p— >00 ' fc! ''" \ 1. 977.1 



fc=l "l^j^; m =0 



= E A lim ETT e_P / * n * m e-*d{x u ...x k ) 



= e > J -> 



as p -> 00, i.e. as = > — -. lim (Pr (A" 



p — > 00 even the cumulative contribution to the cdf of X is 
negligibly small. 

If we define gi (y; 0) = for completeness, we can also 
write (IBTT l as 

Pr(X = TO) = V^-e-" / ^ T e-*d(xi,...x fc ) 

Using d52t , it can be readily shown that 

00 

= mPr(X = m) 



TO! p->oo 



— ( e - b )™+™ _ e _„ 
m=0 



E 



T7l! 



n + to) 



p(™+ m ) 
(n + to)! 



e 2p )(ti + to)! 



(52) 



Using the above equation, it follows from (|49T > that 

A 



lim } , , 

00 f„-b 



E 



~ A /a ! 92(v,x 1 ,...x k )dy 



(55) 
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This deals with the first term on the right of (PTTV 
Now we continue with the analysis of the second term 
in d47| i. As an easy consequence of the union bound, 

g 2 (y;x 1 ,x 2 ,...,x k ) < Y,i=i9(\\y- it can then be 

shown that 



> 



A* 
fc! 

kl 



-*Ia i g2{y\x 1 ,...x k )dy 

e ~ d(x 1 ---x k ) 

~ X U_^ E*= I fl(ll»-*ill)< i! » 

e ~ d{x x ■ ■ ■ £c fc ) 



(Aj_) k 

~ x Ja , g{\\ x ~y\\) d y 



dx) k 



kl 

and using iflOl Theorem 1], it can be further shown that 



^A; r ~ X Ia ! 92(y,x 1 ,...x k )dy 

lim — / e ~ d(xi ■ ■ ■ x k ) 



(56) 



b\k 



> 



(e-») 
kl 



(57) 



Note that (|57] > can also be obtained from Jensen's inequality. 
Combining (gTJ), <[55j and (57) , it follows that 



lim E(£ >M ) <e e ~ - V 



p— >-oo 



fc=l 



(M + l)l 



where in the last step Taylor's theorem is used, t]m is a number 
depending on M and < T}m <er h . 

In Theorems |2] and [10, Theorem 4], we have established 
respectively that the asymptotic distribution of the number of 
isolated nodes in Q g, Aj^j is Poisson with mean e~ b 

and the number of components in Q (Xx,g,Aj/\ of order 
within [2, AT] vanishes as p — > oo. As a consequence of the 
above two results, 

lim Pr(£ >M > 1) = 1 and lim Pr(£> M = 0) = (59) 

p— ^-OO p— >-OG 

Further note that 

oo 

E(t >M )= X> Pr (£>M = m) 
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> Pr(£>M = 1) + 2 Pr(£>M = m) 



m=2 



: Pr(£>M = 1) + 2(1 - Pr(£ >M = 1) - Pr(£> M = 0)) 

(60) 



Combing the three equations (l58T l. (l59l and (l60b : 

^ Pr(e> „ = i)>i-^L_ 

As an easy consequence of the above equation: 
lim lim Pr (£ >M = 1) = 1 

M— y-oo p— >oo 



(61) 
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